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For backguund amd motivaton, vead Chapter S of Eigombnd.
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is o cthain vt Mmaximal lmj‘ha, o dim Clrimm]) =

Deb: £ T ER ig o ideal, we define twe  divamgum of- T t

—

be divm L 1=deV‘R/]:.

£, in addition, T is prime, We define fue odimmson of T

o be twe supromuwm of lengts of chaing o prinag chscewd(vuj
Lo L. Note +hat  codimT =ol{mQI,

& T is not prime, defive wdim L = min iwdfva‘PQI s pvim}

We cm extond Twe nobom ol dimumsion o modules



D‘i{:: ld M he are R-wmodule. Twe dinumsion ot M ig
dim M := dim avn M = dim R/m,,l,lM.

This G e Lm«#usm- £ we consideev T €R an ideal,
Where R oig a dowmain, Them  dim I | whure we  considun L
0S o R-lwrdu[{) g dim RE —dim R o wham T CR,

i we wiite dimLT, we meoam Twe dimensitn  as  omn ideal

USua“j) it shownld ke clear Powm covtert  whrth we Waan.

Queshion: Wt T CR be om  idual. Why can't we defing
Codin.T_ =dimP ‘dfmI?

Answer: We'll ¢eo That This is hue i Wice" coges Ce,g. rf

R g a duvmqih) {-(\m‘wln g,uvw.,a{-c_d ag o kﬂlg&lwa)) hu +
H“% hot hrun hwmove Wa“n.’
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T (%)C-:(/X’JSB S C"zj:%> ave prime, o dim R 22w
foct diva R =2,

HDWLVLVI it ne wt T=(x-1, ‘jJZ> < R} T
dim T = dim7% = 0 sinee T is maximal

ktyllj,%ji

But  codim L= dlim Ry = dim (qe) = 4w ke =1

so dimL tcodimT # drvn R.

e Intuition is That dimR is Twe dimangsn oF tue
largest component, Wheveas codimT  gives Tue “local * codimungin,

Le. T codimumsitn o T in e compoent  in which it e,

Connecton v Avtinian Vl-V\‘c\S

Recall: a ring R s Avbunian f Uy shr((,Hj oLLc,veaﬁg
Chain o ideals 15 finite. We prred tua @olluwicfj
near Tue beginuing  of fue sthmaster:

Tum: Lt R obe a ving- R Avhntan it aud only if
R s Nochurian omd all it prime tdeals are max inal.

Moreover, if R 1% Artinian, o+ hay ov\la -P{m{lrcha Moy
Maximal deals.



We deduced Tue 'Fol(mm\‘y\ﬂ statemundt about %(xc,f?"

Cov: |£ R is Noe ., T Rois Arfiniom <= Sp.u, (R)

($ ‘F(V\H’(..

dimR = 0= all ts prime ideals are maximal, sy we Com

Tranglate These inbe & statemunt about dinemsion:

Cov: [£ R is Noctwviionw, T, dimR =0 &= R i Avtiniam
) S\o—ccR £ ﬂim.'-l-e + digcrefe

Dimaemsion and wovphisms

Recall Mat- Tue  “going up” Theovem +ells us Mat we con [eht
O increasing  Chain of prive ideals in R H a vty O
imjrf._zjm( over R. We also showed Twat if two prime ideals
M S, oue lontained in Flae O’H/u,v, hove Twa Somme tntevsechin

in R, fum Wy mugt ke equal.

We o Use -hNLSQ ’huovm o CUVMPQVQ. T divenm siong ot
idals in R ond ideale in S

’Prv}gi kt VYR =S ke « M o VEV\js tat maks S
im{-e\jml over R. Th My i dual A R chvtjfdflf\zj
ke W ois e Preime g o ovie prime. ideal of S



Moveover, £ L €S is o ideal, s dim L = dim Y7(z)

Pf Note fwat i€ TS tunm ke ¥ € ¥ (D), w0
paes WR){@)(\I-“""‘S

dim V7 (T) = dim (%"(1:)) = dim wa/k)pce)nl.

So we coan  heplace R owith it ivvwxse in S oawnd ss5um

R <SS

Thrs  Twe first  pavtof Twe statement follows Immdfal-drj
waww (jol'\tj Up.

For e weonmd PQV*J consider o chain of pvn‘vwa Lcw\Jmim\irj
\P" (I)) Po§ Pl §.: .- BU 80\'&3 up, We con #(\Ad
QOQQHC , Privus  in S Ld\aHiV\fvtj L <.t Q;OQ’P\'.
Mus  dm T = dim$” ()

1€ we  lavd w/ a Chain QD$Q‘§.-. u\nhml'hj I) Twm
Q:NR # Qd OR fv (¥) oy imcovaavqbflihj) o
dim P (T) 2 dim T, Tuys, equality lolds. D

We cmn  alsp interpret tuig ﬂgoW\d'VtLa“j :

Cov: (4 V:R—=§ be o map of 1ngs ck. Sis Noetwwiam omd



iv\{-cjrq{ o Ver R Let qlgpecg‘ﬁ SP{'.C/Q be e wvvcg‘ozmdﬂcj
thfo on Spu/ T
l,) The Fibers ot ({? over cloged potnts ave finite,

N (T)
2) 1£ X €3pecS 1 Ravigki closed, wuy F(x) € Spec R
it o tawskl closed tubsef w/ e same dimemsigh
os X, Twat s, $X)=V(T) omd dim (T)=dim(3T)

Pj" WLO(-ﬂ, we cam beplace Spec § w/ X omd Sp—cop w/

twe closure ob Y(specs) (e tw smallest elosed sef cmi—w‘m‘v\xj
i+).

For2)  we must show Y i Sruvd'ed'\'ve. wnd S ondd R houe
e s dinumgian.  F PeSpecR is in tu image o4
Y, tn [ Lf)-l(QX e QeSpec B I pavtieular,
- ¥ C P

Thus, \/(kw V) & o cloged @t in SpecR Covttaining M imagye
ot @ s V(kw W) =SpecR

G Ay PC’S(J&C,Q, k—LV\{JgP, o we an Q‘o‘ohﬂ'h& PVD\O aloOVQ
which gays 3 Q@ &SpecS st D=LP-ICQ)°('F(®\, 50

Lf (% %\Ardu_‘ffve :

Alvo, dim S = dim O = dim, \P_'(O) = dim, ker ¥ = dimR



For 2‘): let w6 Spec R he a clogd poi i (i.e. a
MmaXximagl ideal. T, L("I ('W\')"t[iQPH'Mc in § 4. ‘Pvl@)ﬂw}

15 sowae  closed vt \/<“1_—>§ SP—LL/S . T‘/\ws,
ViNn)
dim V() = dim T = dew $(T) = 0 .
Y

"N Con v b))

Twns, Twe divepgion o e Fiber s O, whith meang it'g
Fi\/\l"]‘(’. 3



