
 Introtodimensiontheory
For background andmotivation read Chapter 8 of Eisenbnd

Def TheKrulldimension or just dimension of a ring R
dimR is the supremum of lengths of chains of prime
ideals in R

e g the length of R2 R 7 ZPo is r

Ee We will see later that in Glx xD

Xi Xn Z Xi Xu i Z Xi Z O

is a chain of maximal length so dim Gi XD h

Def If I ER is an ideal we define the din of I to

be dim I dimMI

If in addition I is prime we define the w on of I
to be the supremumof lengths of chains of primesdescending
from I Note that codimI dimRI

If I is not prime define codim I min wdimPIP ZI is prime

We can extend the notion of dimension to modules



Def let M be an R module The dimension of M is
dim M _dim Ann M dimKannM

This can be confusing If we consider I C R an ideal
where R is a domain then dimI where we consider I
as an R module is dim1 dim R So when I C R

if we write dimI we mean the dimension as an ideal

Usually it should be clear from context which we mean

Question let I C R be an ideal Why can't we define
codim I dimR dimI

Answer We'll see that this is true in nice cases e.g if
R is a domain finitely generated as a k algebra but
it's not true more generally

Ex Consider the following picture in A3

71 0In kcx.y.IT
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Then x E x y E x y 7 are prime so dim 1222 In

fact dim12 2

However if we set I x l y z E R Then

dim I dimPYI 0 since I is maximal

But codimI dimRI dimk Y'Z y z
dimkCxTc i

So dim I co dim I dim R

The intuition is that dimR is the dimension of the
largest component whereas codimI gives the local codimension
i e the codimension of I in the component in which it lies

Connection to Artinian rings

Recall a ring R is Artinian if every strictly decreasing
chain of ideals is finite We proved the following
near the beginning of the semester

Tim let R be a ring R is Artinian if and only if
R is Noetherian and all its primeideals are maximal

Moreover if R is Artinian it hasonly finitely many
maximal ideals



We deduced the following statement aboutSpecR

Cer If R is Noetherian then R is Artinian Spec R
is finite

dimR O all its primeideals are maximal so we can

translate these into a statement about dimension

Cer If R is Noetherian thin dim12 0 R is Artinian

Speck is finite discrete

Dimension and morphisms

Recall that the going up Theorem tells us that we can lift
an increasing chain of prime ideals in R to a ring S
integral over R We also showed that if two prime ideals
in S one contained in the other have the same intersection
in R then they must be equal

We can use these theorems to compare the dimensions of
ideals in R and ideals in 5

Pep let Y R S be a map of rings that makes 5
integral over R Then any prime ideal of R containing
her 4 is the preimage of some prime ideal of S



Moreover if I C S is an ideal then dim I dim4 I

PI Note that if IES then Ker Y E 4 I so

Ryti 4 R
r Thus

dim 4 I dim ICI dim cmnI

So we can replace R with its image in S and assume

RES

Then the first part of the statement follows immediately
from going up

For the second part consider a chain of primes containing
4 I PoE P E By going up we can find
Q of Q E primes in S containing I s t Qin R Pi
Thus dim I 2 dim4 I

If we start w a chain Qo E Q E containing I then
Qi AR QjAR for i tj by incomparability so
dim4 I I dim I Thus equality holds D

we can also interpret this geometrically

Cer let 4 R S be a map of rings s t S is Noetherianand



integral over R Let 4Specs SpecR be the corresponding

map on Spec Then

1 The fibers of 4 over closed points are finite
Iu

2 If X CSpecs is Zariski closed then 4 x CSpecR
is a Zariski closed subset w the same dimension

as X That is 4 X V J and dim I dim J

PI WLOG we can replace Specs w X and specR w

the closure of 4 specs ie thesmallestclosed set containing
it

For 2 we must show 4 is surjective and S and R have
the same dimension If P cSpeck is in the image of
4 then P 4 Q some Q cSpecR In particular
her HEP

Thus V her4 is a closed set in SpecR containing the image
of 4 so V Ker4 Speck

Su for PeSpeck Kev4 EP so we can apply the propabove
which says 7 Qc Specs s t D 4 Q Y Q so

4 is surjective

Also dim S dimso dimp4 o dimpkerY dimR



For 2 let me SpecR be a closed point i e a

maximal ideal Then Y t m Qprimein S s.t 4 Q m

is some closed set V I C Specs Thus
ulna

dimVCI dimI dim 4 I O
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Thus the dimension of the fiber is 0 which means it's
finite D


